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Abstract. In this paper, we prove a generalisation of Bochner-Godement theorem. Our result 
deals with Olshanski spherical pairs (G, K) defined as inductive limits of increasing sequences 
of Gelfand pairs (G(n), K (n)) n >i. By using the integral representation theory of G. Choquet 
on convex cones, we establish a Bochner type representation of any element ip of the set (G) 
of i\-biinvariant continuous functions of positive type on G. 

1. Introduction 

One of the main problems in harmonic analysis is to decompose a unitary representation by 
means of irreducible ones. The classical Bochner theorem provides an answer for this problem 
by giving a decomposition of a continuous function of positive type on K as an integral of 
indecomposable ones. 

In harmonic analysis on groups of the type G = {J^ = iG(n), where G(n) is a sequence of 
classical groups, with a subgroup K of the same type K = \J^ =1 K(n) 7 K(n) C G(n), several 
extensions of the Bochner theorem had been proved. For example, E. Thoma in 1964 and S. 
Kerov, G. Olshanski and A. Vershik in 2004 studied the case of the infinite symmetric group 
Soo = U?=i<5n, with G = 6oo x and K = diag(6 oc x & x ) ~ 6^ (cf. [23], H5J). 
D. Voiculescu in 1976 and G Olshanski in 2003 treated the pair G = U(oo) x U(oo), K = 
diag([/(oo) x U(oo)) ~ U(oo), where U(oo) = UnLi U(n) is the infinite dimensional unitary 
group (cf. [IE], EU). 

G Olshanski proved that the inductive limit of an increasing sequence of Gelfand pairs is a 
spherical pair. Hence, the cited examples and many others are part of G. Olshanski's theory for 
spherical pairs which was elaborated in 1990 (cf. [IS])- However, a Bochner type decomposition 
in this setting has not been established yet. In this paper, by using Choquet's theorem, we prove 
such generalisation, answering a question asked by J. Faraut in Infinite Dimensional Harmonic 
Analysis and Probability (cf. [9]). 

This paper consists of 4 sections devoted to the following topics : in section 2 we begin by 
recalling some definitions and results concerning continuous functions of positive type, then we 
prove that, for a classical Gelfand pair (H, M), the commutant tt v (H) is commutative and use 
this to give a direct proof of the fact that the set (H) of M-biinvariant continuous functions 
of positive type on H is a lattice. In section 3, we move to the general setting of an increas- 
ing sequence of Gelfand pairs (G(n), K (n)) n >i- Our main tool for establishing the generalised 
Bochner type decomposition is Choquet's theorem. In order to prove the existence of the decom- 
position, we embed V^{G), for G = U^Li G(n), and K = U^Li K{n), into a bigger set Q. For 
the uniqueness, we prove that the commutant n v (G) remains commutative, and that V^(G) is 
a lattice too. At the end of this paper, we present some remarks and open questions. 
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We have tried to keep notations and proofs to a minimum in order to make the presentation 
as clear as possible, we refer to [T|, [IT], [T2] and for more details on functions of positive 
type and Bochncr theorem. The method we follow in our proof is a generalisation of E. Thoma's 
method in the case of a countable discrete group (cf. [22] ) . with some modifications inspired 
from Olshanski's work on the space of infinite dimensional hermitian matrices (cf. |17j). 

2. Definitions and results for continuous functions of positive type 

We first recall some definitions and results about functions of positive type. Let G be a 
Hausdorff topological group having e as unit, and K a closed subgroup of G. 

Definition 1. A function tp : G — > C is said to be of positive type if the kernel defined on G x G 
by (31,32) 1 — ► <p(g 2 1 gi) is 01 positive type, i.e. for all 31,32, • • • ,3n G G and all ci, c 2 , . . . , c„ G C, 

n n 

^y^CiCjip^gi) > 0. 
»=i j=i 

Proposition 1. Every function tp of positive type on G is hermitian, i.e. for all g G G, ip(g) = 
</3(<7 _1 ). In addition, <p is bounded : \<p(j})\ < ¥>(e). 

A function ip defined on G is said to be K -biinvariant if it verifies <p(k\gk,2) = 95(3), for all k\, 
lt2 G K and all g G G. For a unitary representation (it,TL), we denote by TLk the subspace of 
K- invariant vectors in TL. 

Proposition 2. Let (jr,TL) be a unitary representation of G and £ a vector in TLk- Then, the 
function ip : G — ► C , g 1 — > {^{g)0 Oh * s K -biinvariant of positive type. 

Using the G.N.S. (Gelfand-Naimark-Segal) construction, we can prove that every if -biinvariant 
function of positive type on G can be represented by a unitary representation on G. 

Proposition 3. ( G.N.S. construction) Let ip be a K -biinvariant continuous function of pos- 
itive type on G. Then, there exists a triplet (7r v , H.' p ,!; v ) consisting of a unitary representation 
7r v on a Hilbert space (Tt v , (., and a cyclic vector £ v G W^- such that, for all g G G, 

Moreover, this triplet is unique in the following sense : if (jr, TL, £) is another triplet, then there 
exists an interwining isomorphism T : Tt v — > TL between ■n ip and tt such that T^ v = £. 

Let V(G) be the set of continuous functions of positive type on G. V(G) is a convex cone 
which is invariant under product and complex conjugation. 

For a convex set E, we denote by Ext(E) its subset of extremal points. We also denote by 
V<i(G) (respectively V\(G)) the set of elements <p of V(G) verifying ip(e) < 1 (respectively 
V(e) = 1). 

Lemma 1. Ext(^<i(G)) = Ext(Pi(G)) U {0}. 

Next, we will prove some algebraic characterizations which will be used to establish the unique- 
ness of the decomposition given by the generalized Bochner theorem. 

Let r be a convex cone in a topological vector space E. This cone is equipped with its proper 
order : 71 <C 72 if 72 — 7i G T. The cone T is said to be a lattice if each couple of elements 71, 72 
in r have (for the order defined by the cone) a least upper bound in T, denoted by 71 V 72, and 
a greatest lower bound in T, denoted by 71 A 72. 
For 70 G T, we denote by T 70 the face ofT defined as: 

r 70 = {7 G T I 3 A > ; 7 < A 7o }. 
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The order of T 70 coincides with the one induced by T. The cone T is a lattice if and only if, for 
every 70, the face T 70 is a lattice. 

Let now T = T^(G) be the subconc of P(G) which consists of i^-biinvariant elements. On 
this convex cone, and similarly on 'pjl 1 (G), the proper order <C is given by: 

<^<V if and only if ip - ip € V\G) {ip,ip £ P\G)). 

Recall that every function tp £ P\G) is associated to a triplet (tt^, W, Let A = k v {G)' 
be the commutant of tt v (G). It is a sclfadjoint subalgebra of C(Ti. v ). We will prove that each 
face L v of V*(G) is lincary isomorphic to the cone A + = {T £ A | V v G (Tv, v) v > 0} of 
positive operators of A on which we define an order, denoted -< : 

P-<Q if and only if (Pv^v)^ < {Qv,v) v (v £ H 1 ? , P, Q £ A + ). 

Theorem 1. Let K be a closed subgroup of a Hausdorff topological group G. For all ip G V\G) 
the face T v is lineary isomorphic to the cone A + of positive operator of the algebra A = ^(G) . 
This bijective correspondence identifies an element ip G T v with an element T G A + such that 

(1) Hg) = {T^(g)e,e) v , jeG. 

Proof. Let T G A + . The operator exists and belongs to A + ([7], page 430, 11.17). So, for all 

g £ G, 

iP(g) = = (T^^(g)e,(^nn v 

= {^(g)T?e,T-*e) v . 

The function ip is of positive type (Proposition 2). It is also continuous since the map £ 1 — ► 
7r¥> (ff)C is continuous for every g G G. It is also isT-biinvariant. Hence, tp G P\G). 

If we put A = ||T||, where |.| is the usual operator norm defined on £(7i v ), then \ n ip — ip £ 
P\G). In fact 

(Ao^-VXs) = \\T\\(^ig)C,€ p )< f ,-^' p (9)TC p ,€ p )<p 

= (^(g)C^,e) v , 

where C = \\T\\I - T. As, for all v £ , < (Tv,v) v < \\T\\(v, v) v , the operator C £ A+. 
Hence C = D 2 with D £ A + , and so 

(Ao^-VOG?) = (^(.9)^,^% - (^{g)D^,D^) v . 

This proves, by Proposition 2, that Ao<^ — ip is of positive type. It is also continuous and K- 
biinvariant. Hence, \$ip — ip £ P^{G). 

One can also remark that ip uniquely determine T. In fact, for all g,h £ G, 

iPih-'g) = {^{h- l g)T^,^) v = (Tn*( g )?>,*»(h)p') v . 

If T is another operator in A + verifying (JTJ) , then for all g,h £ G, 

(^(g)(T-T)^,^(h)^) v = 0. 

Since V 9 = V ect^ {g)^ , g G G} is dense in W , 

T = f. 

It remains to prove that, for every i/; £ P, there exists T £ A + verifying (JTJ) . Let us denote 

by 

tn 

Wl°(G) := {fi = ]T I (<*)< C C , (xi)i C G}, 
»=i 
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the space of measures with finite support. For a function of positive type tp and /i, v G 9Jt°(G), 
put 

rn n 

(tp,v* * n) =^^b j a i (p(xj 1 x i ) > 0. 

i=l j=l 

We can also define the function 

~ m 
fj, * tp(x) = / <p(y~ 1 x)dfi{y) = V a^x^x), 

J G i= i 

it is continuous and right if -invariant. With the previous notation and definitions, the vector 
space V v can also be given by : 

m 

V v := V = fi*ip =J2 a ^ V (9i)e, M 6 9Jl°(G)}, 

i=l 

where = (^(g -1 ), for all g G G. For tp^,ip v G V^,, put 

The map (ip^, (p") 1 — > (v^j i P u )>p i s a hcrmitian positive form on V^, which is in addition definite 
as it verifies, for all g G G, 

|^( 3 )| 2 HA^(.9)| 2 < ^(e)(vA^V 
Now, let ^ G r v , there exists Ao > such that 

So, for all /i G 971° (G), 

(Ao</3 — tp, /J,* * (J,) > or equivalently (?/>, fi* * fJ,) < (tp, (J,* * fi). 

Hence 

(^V^ <M<P*,<P*)<p- 
Consequently, we can define on V v x V v a hcrmitian form w given, for every \i, ^ G 9Jt°(G), by 

^/) = (ii/*/t) = (f.f)f 

In fact 

MvAOl 2 = KV^r^r 2 < a^,^%<^,^%. 

In addition 

uj(ip^, tp") = (tp, v* * fi) — (tp, n* * v) = u)(ip v , ipf 1 ). 
So, a; is a well-defined hcrmitian form which is continuous on V v x V v . It is also positive as, for 
all n G Tl (G), 

w( ¥ j" > ^) = (V > /i**M)>0. 
As K, is dense in W^, u> may be extended to a positive hermitian continuous form on H v x . 
So, by Riesz's theorem, there exists an unique positive hcrmitian operator T in C(TL V ) such that, 
for every vx, i>2 G , 

(Tv 1 ,v 2 ) tp = uj(vi,v 2 )- 

In particular, for </? M , tp v G V^, 

Consequently, for /io = S g , g G G and i^o = ^e, 

(Tip** ,ip"°) ip = (T<p s °,tp s % = (i>,6* e *5 g ) = ^(g). 
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But, <p s <> = 7r^(g)^ and <p s ' = Hence ip(g) = (Tw^ig)^, The operator T is also 

selfadjoint and positive. In fact, as ijj is of positive type, for every g,h G G, ?/>(<? _1 /i) = tp(h~ 1 g). 
Hence 

{T^{h)i?,^{g)£?) v = (T^(g),^(h)^) v , 

and so 

(^(h)^,T*^(g)e) v = (^(h)e,T^(g)) v . 

Since V v is dense in 7Y V , 

The positivity of T follows from oj's one. The operator T also commutes with ir v (g), for all 
geG. '□ 

Next, we give a necessary and sufficient condition for the cone V^G) to be a lattice. 

Lemma 2. TTie cone A + is a lattice if and only if the algebra A is commutative. 

Proof. The proof is similar to the one given in ([TD], Theorem III. 2. 4, page 129). □ 

By Theorem [T] and this last lemma, we prove the following theorem, 

Theorem 2. Let K be a closed subgroup of a Hausdorff topological group G. The cone V\G) is 
a lattice if and only if, for every function ip of this cone, the algebra A = 7r v (G) is commutative. 
Proof. From Theorem [TJ we deduce that, for every function ip G V\G), the face is lincary 
isomorphic to the cone A + , which is a lattice if and only if A is commutative. So, for every 
function ip G V\G), is a lattice if and only if A is commutative. □ 

Definition 2. A pair (G,K), where G is a locally compact group and K a compact subgroup 
of G, is said to be a Gelfand pair if the convolution algebra of /i'-biinvariant intcgrablc functions 
is commutative. 

We will prove by using some elements of von Neumann algebra theory that, in the case of a 
Gelfand pair (G,K), the algebra 7r v (G) is commutative, for all ip G V^(G). 

Proposition 4. Let (G, K) be a Gelfand pair and P the orthogonal projection onto TC^ defined 
by 

P = [ n v (k) a(dk), 
Jk 

where a is the normalized Haar measure of the subgroup K. Then P is an element ofir ip (G) , 
and the algebra Pir v (G) P is commutative. 

Proof. Let us prove that P G tt v (G) . In fact, for every T G 7r v (G) and every v, w G H v , 

(PTv,w) = (n^ (a)Tv, w) = {tt^ (a)v,T*w) = (TPv,w). 

So, for every v in W , PTv = TPv. Hence P G 7r v (G)". As (G, K) is a Gelfand pair, for every 
(i, v G 931° (G), the A'-biinvariant measures a * fi * a and a * v * a. commute. Thus, for every 

n, ve mt°(G), 

P^i^P-K^^P = Plt V { V )P^{pL)P. 

As 7r v (97l°(G)) is a selfadjoint subalgebra containing the identity of C(H' P ), it is dense in ir v (G) 
in the strong topology of operators ([3], Theorem 2 and Corollary 1, page 45). Hence, for every 
A, Be ttP(G)", 

PAPBP = PBPAP. 

Put S = PAP and T = PBP. S and T arc two arbitrary elements of the algebra Ptt v (G)" P 
and they verify 

ST = PAPPBP = PAPBP = PBPAP = TS. 
It follows that the algebra Pir v (G) P is commutative. □ 
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For an operator A of the von Neumann algebra it v (G) , let us denote by Ap the restriction 
of the operator PA to H V K . Put \^{G)\ P = {A P , A G tt^G)'}. By ([£], Proposition 1, page 
18), the algebras [tt v (G) ]p and [ir v {G) ]p are von Neumann algebras and they verify 

(K(G)"] P )' = K(G)'] P . 

Since £ v is a cyclic vector for the algebra ir v (Wl°(G)), by ([H], Appendice A, A14), it is a sepa- 
rating vector for the von Neumann algebra ir v (971° (G)) = 7r v (G) . Thus it is also separating for 
the von Neumann algebra [ir v {G) ]p. Hence it is cyclic for the von Neumann algebra [tt v (G) ]p. 

By using the fact that every von Neumann algebra Ai which is commutative and possesses 
a cyclic vector verifies M. = Ai ([5], Corollaire 2, page 89), and by noticing that the algebra 
[w*(G)"]p is nothing but JV^(G)" P, we obtain 

(K(G)"] P )' = K(G)"] P . 

Hence 

K(G)']p - K(G)"] P - 
Now, to get the commutativity of tt v (G) , it is sufficient to prove the following proposition. 

Proposition 5. Let (G,K) be a G elf and pair. The commutant tt^ (G) , seen as a von Neumann 
algebra, is isomorphic to the algebra [7r v (G) ]p. 

Proof. Let ^ : ir v (G) — > [71^ (G) ]p, A 1 — > Ap. ^ is well-defined, it is also a homomorphism of 
algebras, since for every S, T G 7r v (G) , 

*(ST) = [ST] P = PSTP = PSPPTP = SpTp = *(5)*(T). 

And 

*(T*) = PT*P = p*T*P* = (PTP)* = {T P )* = *(T)*. 
It is evident that is onto by construction. Let us prove that it is one to one. 
Let S G tt^(G)' such that = 0. Then, 

= => P5^ = => SP^ = =^ St? = 0. 

Hence, for every g £ G, Sir tp (g)£ (p — 7T v (g)S£ l v ~ 0. And since £ v is cyclic, we get immediately 
S = 0. Therefore, is one to one. □ 

Theorem 3. Let (G, K) be a Gelfand pair and (p a K -biinvariant continuous function of positive 
type on G. Then, the algebra 7r v (G) is commutative. 

Proof. By the previous proposition, tt v (G) is isomporphic to [ir v (G) ]p. Also we know that 

[tt^(G)']p = [tt^(G)"] p = Pir^(G)"P. The result follows since the algebra Pir^(G)"P is commutative. □ 

Corollary 1. Let (G,K) be a Gelfand pair. Then, the coneV^{G) is a lattice. 
Proof. By Theorem H V\G) is a lattice if and only if, for every element tp in this cone, the 
algebra n v (G) is commutative, which is satisfied in this case as shown by the previous theorem. 
Hence V^{G) is a lattice. □ 

We know that every function of positive type is bounded. Since G is a locally compact 
topological group, V(G) can be seen as a subset of L°°(G) for a left invariant Haar measure on G. 
We add, from now on, the condition that G is separable and we consider on V{G) the topology 
induced by the weak-* topology a(L°°(G), L 1 (G)), denoted by t*(L°°(G)). By the Banach- 
Alaoglu theorem (cf. ) , the unit ball of L°°(G) is compact in this topology. In addition, 
7 ? < 1 (G) considered as a subset of L°°(G), is closed in this topology(cf. [20], [8]). Therefore, 
Pll-^G) is compact. Furthermore, the unit ball of L°°(G), for G separable, is metrisable in the 
weak-* topology r*(L°°(G)) (cf. [6], [20]). Hence V^ <X {G) is metrisable. 
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Thus V^^G) is convex, compact and mctrisable in the topological space L°°(G) which is 
locally convex in the weak-* topology r*(L°°(G)). Furthermore, by Corollary 1, the cone gener- 
ated by / P< 1 (G), namely V^(G), is a lattice. Therefore, we get by applying Choquet's theorem 
that every element ip € V^(G) has an integral representation : 

tp(g) = / w(g)n(dw). 

^ExtCP}(G)) 

This last formula constitutes Bochncr-Godement's theorem. It is evident now that Choquet's 
theorem is fundamental for the proof. Because of its importance, we finish this section by giving 
its statement. 

Theorem 4. (Choquet's theorem, see [12] sections 3 and 10) LetU be a convex subset of a 
locally convex topological vector space E. IfU is compact and metrisable, then 

(i) Ext(W) is a Borel subset ofU. 

(ii) For every a <EU, there exists a probability measure fi on Ext(W), such that for all continuous 
linear form L on E, 

L(a) = f L(b)u(db). 
(hi) (j, is unique if and only if the cone generated by U is a lattice. 

3. A BOCHNER TYPE THEOREM FOR OLSHANSKI SPHERICAL PAIRS 

Definition 3. Let H be a Hausdorff topological group and M a closed subgroup of H . The pair 
(H, M) is said to be spherical if, for every irreducible unitary representation tt of H on a Hilbcrt 
space 7i, 

dim Hm < 1- 

If H is locally compact, and M compact, then the pair (H, M) is spherical if and only if it is a 
Gclfand pair. 

Let (G(n),K(n)) n>1 be a sequence of Gelfand pairs such that G(n) is a locally compact 
topological group which is also a closed subgroup of G(n + 1). K(n) is a closed subgroup of 
K(n + 1) verifying K(n) = K(n + 1) H G(n). The family of Gclfand pairs (G(n), K{n)) n>v 
equiped with the system of canonical continuous embeddings from G(i) to G(j) with i < j , 
constitute an inductive countable system of topological groups (cf. [5])- Hence we may define 
the following inductive limit groups : G = U^Li G( n ) an d K = U«Li K(n). The topology 
defined on G is the inductive limit topology. It is the finest topology such that all the canonical 
embeddings from G(n) into G are continuous. Olshanski proved that (G, K) is a spherical pair 
(cf. [|5], [IS])- Hence we can introduce the following definition: 

Definition 4. Let (G{n),K(n)) >x be an increasing sequence of Gelfand pairs as above. The 
inductive limit pair (G, K) is called an Olshanski spherical pair. 

The group G equipped with the inductive limit topology is Hausdorff. But, such topology 
does not make G locally compact. Therefore we can not directly apply Choquet's theorem to 
V\G) as in the classical case. In order to solve this problem, we embed V\G) in the cone of 
subprojective systems : 

Q := |v = W {l) h 6 f{v\G{i)) | # e ^+ « i = M: -j - 

where i2es™ +1 is the restriction to G(n) of a function defined on G(n + 1). Choquet's theory 
of integral representation applied to Q will give us a Bochner type theorem for the spherical 
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pairs of Olshanski. Let Res n be the restriction to G(n) of a function defined on G, and put 
= Yll= m ^{G{k)), where 1 < m < n < oo. 

Remark. If G\ C G2 are two locally compact groups the set of pairs {((p,ip) G V(G±) x 
ViG-i) I Res(ip) = tp}, where Res is the restriction to G\ of a function on G2, is not closed in gen- 
eral, and in some cases it can be shown that it is dense in {(tp, xji) G V{Gi)xV{G2) \ Res(ijj) <C <p}- 

Next we will prove that Q is closed in in the product topology r* = n«Li T * (L 00 {G(n))) . 
To establish this, it is sufficient to prove that the set 



{(VP (fe) ,^ fe+1) ) G P k k +1 I i*e^+V fe+1) ) « V {k) ) 



is closed in the topology T*(L°°(G(k))) x T*(L°°(G(fc + 1))). 

Let H be a locally compact group, a its left invariant Haar measure, and M a compact 
subgroup of H such that (H, M) is a Gclfand pair. 

Lemma 3. For every function ip G V^(H) and f G L 1 (7J)^ smc/i i/iai ||/||i < 1, one /jas 

/* * ip* f < <p. 

Proof. Let (ir v ,l-l v ) be the unitary representation associated to tp : 

<p(h) = {^(h)C,e p ) v (hell). 

Since (H,M) is a Gelfand pair, the operator ir v (f) commutes, for every h G H, with TT v {h), and 

r * ^ * /(ft) = (^(h)^(f)e, ^(f)e) v - 

Therefore 

AT TV 

£,J = 1 2—1 

N 

= \\^(f)J2^ V (hi)^\\l 

i=l 

TV 

< IK(/)ll 2 llE c ^(WII' 

TV 

< ||5>p(Wl£ 

i=l 
TV 

= ^2 <p(hJ 1 hi)c i Cj. □ 

Under the same assumptions as Lemma [31 we prove the following lemma, 
Lemma 4. The linear form L defined, for every bounded measure [i on H , by 



L(ip) = / cp(y 1 x)n(dx)fi(dy) 



HxH 



is lower- semicontinuous on V^(H) in the weak-* topology t*(L°°(H)). 
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Proof. Firstly, let us remark that L is positive on V^(H) and that if /i = 6, then L(tp) = ip(e). 
We will prove that, for every constant C > 0, the set 

{<p G V\H) | L{<p) < C} 

is closed. Let (<p n ) be a sequence of V^(H) that converges to 99, i.e. for every / G L 1 {H) 1 

lim / <p n (h)f(h)a(dh) = f <p(h)f(h)a(dh). 

Suppose that, for every n, L(ip n ) < C. We know that, for every bounded measure fi and 
/ G ^(H)^, f * fx G L\H). Suppose ||/||i < 1. By hypothesis, for every n, 

* tp n * jti(e) < C. 

Therefore, by Lemma [31 

(J>* * f* *<Pn* f * M(e) < C, 

and since 

lim /x* * /* * * / * fi(e) = fi**f**(p*f* /x(e), 

n — >oc 

it follows that 

fi* * f* * ip * f * /i(e) < C. 
By considering an approximation of the identity (/&) : G L 1 (i/) tl , //. > 0, 

fk(h)a(dh) = 1, 

and observing that for every continuous bounded function ip : 

lim / ip{h)f k {h)a{dh)=ip{e), 

we deduce that 

fi* * ip * 11(e) < C. □ 



Proposition 6. Let U be a closed unimodular subgroup of H , ajj its left invariant Haar measure 
and Res the application that for a function on H associates its restriction to U . The set 

{{<t>, V) G V\H) x V\U) I Res(<j>) < V} 

is closed. 

Proof. Let ip n ) be a sequence in V^(H) x V^(U) that converges to (4>,ip), and suppose that, 
for every n and every function / G 



K(v 1 x)f(x)f(y)a u (dx)a u (dy) < I ip n (y 1 x)f(x)f(y)a u (dx)a u (dy). 

UxU JUxU 



Let 



C > I ip(y 1 x)f(x)f(y)a u (dx)a u (dy). 

JUxU 

There exists n$ such that, if n > no 



ipn(y 1 x)f(x)f(y)a u (dx)a u (dy)<C, 

UxU 



and thus 



4>n(y x)f(x)f(y)au(dx)au(dy) < C. 

UxU 
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Lemma applied to the measure fj,(dx) = f(x)au(dx) gives 



4>(y x)f{x)f{y)au{dx)au{dy) < C. 

UxU 



This being true for every constant G verifying 



C > ip(y x)f(x)f(y)au(dx)au(dy), 

JUxU 



we can deduce that 



§{y 1 x)f(x)f(y)a u (dx)a u (dy) < / ip(y 1 x)f(x)f(y)a u (dx)a u (dy). 

UxU JUxU 

Therefore Res{<f)) <C ip. It follows that the set 

{(<£, V) G V\H) x V\U) | Resit) < i>] 

is closed. □ 



Since, for all n, the pair (G(n), K(n)) is supposed to be a Gelfand pair, the groups G(n) are 
all unimodular (see [5], Proposition 1.1). Hence we can apply the previous proposition in the 
case where H = G(k + 1) and U = G(k). Then, one gets that TZk is closed, for every k, and 
hence Q is closed in V%° . As a consequence, the set 

Q<i := L = W (i) h e n^<i( G W) I Res^i^) « * = 1,2, ... j , 

is compact. In order to get the metrisability of <2<i, it is sufficient to suppose that all the G(n) 
are separable. 

It remains to prove that the cone Q is a lattice in order to apply Choquet's theorem. 

Let (7r v , H v , £ v ) be the triplet associated to a function <p £ V^{G). We are going to prove that 
the algebra tt v {G) is commutative. Since G[n) is a subgroup of G, the representation 7r v of G re- 
mains a continuous unitary representation of G(n) onW. Put Ji? = V ect{-K lf '{g)£, v , g £ G(n)}. 
It is a G(n)-invariant closed subspace of TC V . Hence we may restrict, for every g £ G(n), the 
operator ^(g) to H%. We obtain a continuous unitary representation of G(n) on H% that will 
be denoted by ir%. 

Let P n be the orthogonal projection onto H%, 
Lemma 5. 

oo 

(i) TC^ is dense in . 

n=l 

(ii) P n converges strongly to the identity I of TL V . 

Proposition 7. Let (G, K) be an Olshanski spherical pair. For every <p £ V^(G), the commutant 
A = 7r v (G) of the representation ir v which is associated to tp by the G.N.S. construction, is a 
commutative algebra. 
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Proof. Let B be an arbitrary operator of A. Then, for every g in G, B commutes with ir v (g). 
This is also true on G(n), for every n G N*. On the other hand, for every n 6 N*, P n BP n 
which is an operator of £(TC%) commutes with the representation 7r^ of G{n) on TV^. Since 
is G(n)-invariant, for every g £ G(n), P n commutes with n^^g). Therefore, for every g G G(n), 

P n BP n Tr%(g) = P n Bn%(g)P n = P n ir%(g)BP n = ir%{g)P n BP n . 

By Theorem the algebra Tr%(G(n)) is commutative. So, for two operators B\ and By, of 
Tr v (G)' , and for every n <G W, 

PnB\P n PnBlP n = PriBlP n PnB\P n , 

PnB\P n BiP n = P n BiP n B\P n . 
Since K n C K n +i, then Ti.K n+1 C Ti-K n , and therefore 

Pn+l = PnPn+l = Pn+lP-n- 

Also, for every n,m > 1, 

Pn+m Pn+mPn PnPn-\-m- 

Hence, for every m, m', n > 1, 

Pn+m B\ P n B2 Pn+m' = Pn+m By P n B\ P n +m' ■ 

By using the fact that P n converges strongly to / and by pushing m, ml to 00, one obtains 

B\P n B 2 = B 2 P n Bi. 

Finally, by pushing n to 00, one gets 

B\By = ByB\. □ 



Theorem 5. For an Olshanski spherical pair (G,K), the cone V^{G) is a lattice. 

Proof. By the previous proposition, the algebra A = tt v (G) is commutative. Hence, by Theorem 

El the cone V\G) is a lattice. □ 

Let us prove that Q is a lattice. We start by giving a decomposition of the elements of Q. 

Lemma 6. Let H be a locally compact topological group having e as unit, L a closed subgroup 
of H and (u n ) n a sequence of L-biinvariant continuous functions of positive type on H. 

(a) // 

00 

^ u n (e) < 00, 

n=l 

then the series JZJ^Li u n converges uniformly on H and its sum is a L-biinvariant continuous 
function of positive type. 

(b) Furthermore if, for n > 1, 

n 
k=l 

where ip is a L-biinvariant continuous function of positive type, then 

00 

n=l 

(c) Lf v n is another sequence such that v n ««„, then 

00 00 

n— 1 n— 1 
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Proposition 8. For every subprojective system if — {f^}k in Q, there exists a projective 
system $ = {& k '}k and functions £ ^(G^fc)) such that, for every k, 

oo 

(2) p< fc ) = + Res k k +j {^ k+ »). 

The functions $' fc ^ and ip 1 -^ are unique. 
Proof. Let ip £ Q. Put, for every k > 1, 

(3) V W =V {k] ~ Resl +1 (ip( k+ V). 

By the definition of Q, for every k > 1, ip^ k ' is a function of positive type on G(k). By iteration, 
equality © gives, for every k > 1, 

= ^(fc) + J R e ^+ 1 (0( fc + 1 )) + • • • + J?es^+"- 1 (V' (fc+rl " 1) ) + J Re4: +n ((p (fe+ ™)). 

Put *( fc >") = YT 3 Zq Res k k + \^ k+ ^) 1 then for every k > 1, 

^(fc) = ^(fe,n) + B es fe+«( v ,(fc+«)). 

It follows that, for every n > 1, <3/( fc < n ) <g; <^( fe ) . This implies, by (b) of Lemma[6l that the sequence 
{*0>™)} n converges uniformly on G(k) to #W E V^{G{k)), where *( fc ) = £)£L Q #es£ +J (0( fc +^). 
Hence the sequence Res 1 }^™ (ip( k+n ^) converges uniformly on G{k). Let us denote by 4>( fc ) its limit. 
Since i2es^ +1 is continuous in the topology of uniform convergence on G(k), 

$ (fc) = Urn Res k k +n {^ k+n) ) = Urn Res k+1+n (^ k+1+n) ) 

n— >-f-oc n — *-+oo 

= Rest+\j^Res k X[ +n (v {k+1+n) )) 
= J Re^ +1 ($( fc + 1 )). 

Then {<&^}k>i is a projective system. In order to prove the uniqueness, let us suppose that, 
for every k > 1, </?( fe ) is given by another decomposition 

^) = +jTRe S k k +j (ri k+ % 
j=o 

then 

OO OO 

3=0 j=l 

Corollary 2. Let ipi = {(Pi} n and (fi2 = {¥4™'}n ^ e ^' u;o subprojective systems of Q such that 

<pi <®C <fi2, *w fie sense that, for every n, ipf^ <C ip^ ■ Then, for every n, $^™' ) <C 3>2 arl ^ 

/ (") ^ / (") 
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Proof. We may write 

ip 2 = (fi + <po, with ip £ Q. 
By the uniqueness of the decomposition given by formula 

$2 = $1 + $o, 

and for every n, 

Since <J>q"^ and ipQ arG m ^(G(n)), we can deduce that, for every n, <&i <C $ 2 "^ an d ^ 
^ n) . □ 

By Corollary!]] for every n > 1, 7 7 ''(G'(n,)) is a lattice. Moreover, by Theorem^ P^G) is a 
lattice. Using the previous decomposition, we prove the following proposition, 

Proposition 9. The cone Q is a lattice. 

Proof. Let tp± = {Vi }m 9?2 = {"v 9 ^}" be two subprojective systems of Q. By Proposition [HI 



i=o 

Put, for every n, $^ = $< n) A $ 2 n) and ^„ = A . Let p = {<^">}„ G Q. If 
<y3 <g; tpi and ^ <^§; (^2, then by Corollary [21 for every n, 

$(«) < $(") < an d thus 

$(«) < $W. n . Also, for every ra, V (n) < V> (n) < 4™'. which implies that ^ (n) < ^mL- 

Since, for every n, V'mL ^ ^l i tncn by (c) of Lemma [51 Y^'jLo ^ es n +J {^Min ) conver g e s in 
V^{G(n)) uniformly on G(n). We put then, for every n, 



(«) = $(") , V R es ™+J7w,( 



We get, for every n, tp^ < ¥>mL> and so (Vi> Va) has a greatest lower bound tpMin = 
Now, put for every ra, = <&i V $ 2 ™^i an d ^mL = v ^2 • Since, for every n, V'Sox ^ 

+ j then by (c) of LemmaO we can put, for every n, 

oo 
3=0 

Thus, (ifi , ip2) has a least upper bound tpMax = {^i/ia;}"- As a consequence, Q is a lattice. □ 

Next, wc will determine the set of extremal points of Q<i- We need to define, for n > 1, the 
following subset : 

oo 

V n = We []><i( G M) I V W = #es"(^ n) ), for 1 < i < n 
and <^ (?) = 0, for i > n + 1}, 

where, for every i = 1, . . . , n — 1, 

Res? = Res^ 1 o flesi+? o • • • o flea^. 
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The set V n , with finite n, consists of projective systems of finite order n obtained via the following 
linear isomorphism : 



P 



(JMV»>), Re4(^), . . . , fleaS_i(v (B) ), P [n \ 0, ■ ••)• 



Since i2es" +1 (^ 1 (G(n + 1))) C V\ x {G(n)), the set 7 5 < 1 (G) can be identified with the pro- 
jective limit of the family {V\, (G(n))}„>i and an element p £ V\^(G) determines a projective 
system {p^} with p( n > = Res n (ip). The same holds for an element ui of the set £ ao of non zero 
extremal points of V< 1 (G), i.e. £ x = Ext(^(G)). 

Let £ n denote the set of non zero extremal points of V n . An clement p £ £ n is the image by 
the isomorphism t of an element p^ £ Ext('P 1 (G(n)). 

Theorem 6. The set of extremal points of Q<\ consists of two types of elements : 

type oo : £<,<,, and type n : £ n , 

and we have 

oo 

(4) Ext(Q<0 = {0} U £00 U ( (J £ n ) . 

The sets £ (>Q , £ n (n > 1) are disjoint. 

Proof, (a) Let us prove that tp £ £ n is extremal. Suppose that ip = px + P2, Pi, P2 £ Q<i- Then, 
for every n, 

In) (n) 1 (n) 

p { ' = p\ + p 2 ■ 

So, p[ n) = Ai^™\ p[ n) = \ 2 tp [n) . On the other hand, 

p^ = Res n n _ l( p^ = p^+pf^ 

> XxRtuft^ipW + X 2 Res^_ 1 p^ = Res^p^l 

Therefore 

Pi 

and hence 

<px = \x<p, P2 = X 2 p. 

(b) Let us prove that p £ £oo is extremal. Suppose that tp = px + P2, Pi, P2 £ Q<i- Since p is 
a projective system, for every n, ip^ = 0. Thus, = 0, 1/4 = 0, and hence px-,Pi £ V\(G). 
Therefore 

PX = ^lP, P2 = X 2 p. 

(c) Let p be a non zero extremal point of <2<i, we can write 

00 

= $(») + Resl +1 {^ n+ ^), 

it's a decomposition into two elements of Q<x- 

First case : ip( n ' = 0, for every n, and so p £ £ao. 
Second case : $W = 0, for every n, and hence 

p = *i +* 2 + • •• , 

where 

¥ 7 p = #es"(^ (n) ) if j<n, 
= if j > n. 



>" x) = XxRes^xP^, p ( r 1] = \2ResZ_xpM, 
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As a result, there exists no such that ip = $f no , with ^(™°) g Ext('Pj(G(no))). We can then 
conclude that ip G £ no . □ 

Assuming all G(n) separable, we can now state a Bochner type theorem for the corresponding 
Olshanski spherical pairs. 

Theorem 7. Let (G, K) be an Olshanski spherical pair defined as inductive limit of an increasing 
sequence of Gelfand pairs (G(n), K(n)) n , with the assumption that all G(n) are separable. Then, 
for every function (p G V\G), there exists, on the Borel set f2 = Fjxt(v\(G)), a unique bounded 
and positive measure [i such that 

via) = / u(g)fi(duj). 

Proof. The set Q<i being convex, compact and metrisable in Q, it satisfies the hypothesis of 
Choquet's theorem. Hence Ext(<2<i) is a Borcl set and every element of Q<i can be represented 
via a probability measure v on Ext(Q<i) such that, for every continuous linear form L on Q, 

(5) L(q) = ( L(p)v{dp). 

JExt(Q<!) 

Moreover, as Q is a lattice (Proposition [9|) , by (iii) of Choquet's theorem, the measure v is 
unique. Furthermore, we can deduce from formula (|3]) that 

oo 

fi = Ext(Q<i)\( |j£„U{0}). 

71 = 1 

Hence fi is a Borel set. 

Let ip be an element of 7-< 1 (G). We know that ip determines a sequence {<^™''}ri>i where 
(p(n) — Res n (<p). Let us take, for L in ([5]), the linear form 

(Ti) ~M n) ,/) = I V (n) (h)f(h)a n (dh), 



>G(r, 

where / G L 1 {G(n)) and a n is the left invariant Haar measure of G(n). By considering, for every 
n, the approximation (f k ) : f k G L 1 (G(n)), f k > 0, 

fk{h)a n {dh) = 1, 

lG(n) 

and for every continuous bounded function ip : 



k 

we get that, for every n > 1, 



lim / tp(h)f k (h)a„(dh) = ip(g), 

G(n) 



cpW(g) = f Lo(g) v M(d«) + ]T / io(g) ^ k \du), 
Jn k=n Js n 

where (respectively {v^} k > n ), are the restrictions of v to f2 (respectively {£ k } k > n )- There- 
fore we obtain, for g G G(n), 

^ n \g)-^ n+1) (g) = J £ w (s)i»(dw). 

Since {(p^} n >i is a projective system, for every g G G(n) and every n > 1, 

i/ n >(dw) = 0. 
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As w(e) = 1 we get, for every n > 1, 

Hence v is concentrated on £oo = fi. It follows that every element ip G 7 3 < 1 (G) has the following 
integral representation : 

<p{g) = f Lo(g)^\dco), (geG). 
Jn 

Finally every element tp G P^G) can be uniquely written as (p(g) = X(po(g) with tpo G V^iG) 
and A = <p(e) > 0. Hence y> is represented via a measure \x equal to Xvq 00 ^ , where ^0°°^ verifies 

ipo(g) = / tv(jg)i/^°\d^). □ 

J!) 



4. Remarks and open questions 

(1) We do not know a topology making , P< 1 (G) compact and enabling in consequence a direct 
application of Choquet's theorem without using Q. T. Hirai and E. Hirai had studied this 
problem in [14] . 

(2) Given a generalized Gelfand pair, i.e. an Olshanski spherical pair, one problem is to 
find the set of extremal points 0. This is known in several cases. Another problem is, given 
<p G V^(G), to find the representing measure \i. 
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